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Abstract
The Ba¨cklund problem is solved for both the compact and noncom-
pact versions of the Ishimori (2+1)-dimensional nonlinear spin model. In
particular, a realization of the arising Ba¨cklund algebra in the form of an
infinite-dimensional loop Lie algebra of the Kacˇ–Moody type is provided.
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1 Introduction
In the study of nonlinear field equations, the Ba¨cklund structures method, also
known as prolongation structures method (see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13] for a review of the procedure in some relevant applications concerning
both the (1+1) and (2+1) dimensional cases) constitutes a systematic analytical
procedure which enables one, in principle, to associate a linear problem with the
equation under consideration. Within such a method, nonlinear (prolongation)
Ba¨cklund algebras are related to integrable nonlinear field equations which can
be expressed by means of closed differential ideals. Such algebras arise via the in-
troduction of an arbitrary number of Ba¨cklund forms containing new dependent
variables (called pseudopotentials), and by requiring the algebraic equivalence
between the generators of the prolonged ideal and its exterior differential, i.e.
by requiring an integrability condition for the prolonged differential ideal. It
was pointed out that integrability properties of nonlinear field equations can
be related with the existence of Ba¨cklund symmetries and admissible Ba¨cklund
transformations (see e.g. [14, 15]). In fact, Ba¨cklund algebras appear in form of
incomplete Lie algebra structures (in the sense that not all of the commutators
are known) as necessary conditions for integrability of a connection induced by
∗This note is part of a joint research work with E. Winterroth.
†Partially supported by GNFM of INdAM, MURST (PRIN 2003) and University of Torino.
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a Ba¨cklund map [4], and a realization of such algebras (particularly in loop–
algebras form) provides the solution of the so–called Ba¨cklund problem.
In more than two independent variables, the extension of the prolongation
procedure is generally nontrivial and some aspects remain to be explored (see,
for example, [3, 6, 11, 12]). Recently, relying on a suitable geometric descrip-
tion of Ba¨cklund transformations [14], some developments have been achieved
on the theoretical side, which provide some hints for a better understanding of
the whole matter [13]. The study of higher dimensional systems is a central
theme in the theory of integrable systems; in [12] the general approach of gener-
ating new (2+1)–dimensional integrable systems from a given abstract algebraic
structure via the extension of a Ba¨cklund map was tackled by showing how a
connection can be induced by a Ba¨cklund map in the jet bundles framework
and a characterization of completely integrable systems in terms of Ba¨cklund
structures has been provided. In [13] we also proved that such a connection is
an admissible Cartan connection for a suitable K¯-structure, i.e. a subbundle of
a (higher order) frame bundle.
In this note, making use of an ansatz [3, 4, 6, 12] which is in fact a suitable
version of the structure equations for an admissible Ba¨cklund-Cartan connec-
tion [13], we associate an infinite-dimensional Ba¨cklund algebra structure with
the Ishimori (2 + 1)-dimensional spin model in both the compact [16] and the
noncompact versions [17]. Homomorphisms with quotient finite and infinite
dimensional Lie algebras are worked out. In particular, in view of possible ap-
plications - e.g. to derive a whole family of (2+1)-dimensional nonlinear field
equations containing the original Ishimori spin models -, a realization of the
arising Ba¨cklund algebra in the form of an infinite-dimensional loop Lie algebra
of the Kacˇ–Moody type is provided.
2 Admissible Ba¨cklund transformations
In the following we shall shortly recall few basics concepts and set the notation.
We shall assume the reader is familiar with the basic notions from the theory
of bundles, jet prolongations, principal bundles and connections (for references
and details see e.g. [18, 19]).
Let π : U → X , τ : Z → X , be two (vector) bundles with local fibered
coordinates (xα, uA) and (xα, zi), respectively, where α = 1, . . . ,m = dimX ,
A = 1, . . . , n = dimU − dimX , i = 1, . . . , N = dimZ − dimX . A system
of nonlinear field equations of order k on U is geometrically described as an
exterior differential system ν on JkU . The solutions of the field equations are
(local) sections σ of U → X such that (jkσ)∗ν = 0. We shall also denote by
J∞ν (resp. j∞σ) the infinite order jet prolongation of ν (resp. σ).
Let then B be the infinite–order contact transformations group on J∞U .
Definition 1 The group of (infinitesimal) Ba¨cklund transformations for the
system ν is the closed subgroup K˜ of B which leaves invariant solution subman-
ifolds of J∞ν. The group of (infinitesimal) generalized Ba¨cklund transformations
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for the system ν is the closed subgroup K of B which leaves invariant J∞ν [14].
Let π : U → X , τ : Z → X , be vector bundles as the above and π1 : J1U →
X , τ1 : J1Z → X , the first order jet prolongations bundles, with local fibered
coordinates (xα, uA, uAα ), (x
α, zi, ziα), respectively. Furthermore, let (dx
β , duA,
duAβ ) and (dx
β , dzi, dziβ) be local bases of 1–forms on J
1U and J1Z, respectively.
Definition 2 We define a first order Ba¨cklund map to be the fibered morphism
over Z: φ : J1U ×X Z → J
1Z : (xα, uA, uAα ; z
i) 7→ (xα, zi, ziα), with z
i
α =
φiα(x
β , uA, uAβ ; z
j).
The fibered morphism φ is said to be an admissible Ba¨cklund transformation
for the differential system ν if φiα = Dαφ
i - where Dα is the formal derivative on
J1U×XZ - and the integrability conditions coincide with the exterior differential
system ν.
Remark 1 By pull–back of the contact structure on J1Z, the Ba¨cklund mor-
phism induces an horizontal distribution, the induced Ba¨cklund connection, on
the bundle (J1U ×X Z, J
1U, π1∗0 (η)) [4].
Definition 3 Let K¯ be a normal subgroup K¯ ⊂ (K˜∩K) ⊂ B leaving invariant
(the infinite order prolongation of) ν and its solutions. We call K¯ the group of
(infinitesimal) generalized admissible Ba¨cklund transformations for the system
ν.
Theorem 1 The following statements are equivalent [12].
1. φ is an admissible Ba¨cklund transformation for the differential system ν.
2. The induced Ba¨cklund connection is K¯–invariant.
3 Ba¨cklund algebras for Ishimori models
Let us now consider the nonlinear spin model originally introduced by Ishimori
[16] to extend in (2+1) dimensions the continuous isotropic Heisemberg spin
model in (1+1) dimensions (for the study of the integrability properties of the
latter see e.g. [20, 21, 9]). A Lax pair was provided by Ishimori and multivortex
solutions were derived by means of the Hirota method thus showing that the
vortex dynamics is integrable. In [17] was shown the gauge equivalence between
a noncompact version of the Ishimori spin model and the Davey–Stewartson
equation.
The classical continuous isotropic Heisenberg spin chain can be generalized
to the following set of coupled nonlinear (2 + 1)-dimensional partial differential
equations:
ΣSt = S × (Sxx + ǫ
2Syy) + φySx + φxSy , (1)
φxx − ǫ
2φyy = −2ǫ
2ΣS · (Sx × Sy) , (2)
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where S = S(x, y, t) is a classical spin field vector, Σ is a diagonal matrix diag
(1, 1, κ2), κ2 = ±1, subscripts denote partial derivatives, and the symbol ×
stands for the usual vector product. The spin field components Sj , j = 1, 2, 3
are assumed to satisfy the constraint
ΣS · S = κ2 (3)
where κ2 = ±1 refers to the compact [16] and the noncompact [17] case, respec-
tively. In other words, for κ2 = 1 the quantities Sj belong to the unitary sphere
SU(2)/U(1), while for κ2 = −1, the Sj ’s range over a shield of the two-fold
hyperboloid SU(1, 1)/U(1).
Let us introduce on a (vector) bundle J1U with local coordinates (x, y, t;
S,P ,Q; φ, α, µ) 1 the closed differential ideal defined by the set of (vector-
valued) 3-forms:
θ1 = (dS − P dx) ∧ dy ∧ dt , (4)
θ2 = (dS −Qdy) ∧ dx ∧ dt , (5)
θ3 = dΣS ∧ dy ∧ dx+ S × (dP ∧ dy ∧ dt− ǫ
2dQ ∧ dx ∧ dt) +
+(µP + αQ)dx ∧ dy ∧ dt , (6)
by the scalar 3-forms:
γ1 = (dφ− αdx) ∧ dy ∧ dt , (7)
γ2 = (dφ− µdy) ∧ dx ∧ dt , (8)
γ3 = dα ∧ dy ∧ dt+ ǫ
2dµ ∧ dx ∧ dt+
+2ǫ2ΣS · (P ×Q)dx ∧ dy ∧ dt , (9)
and by
β1 = (dΣS · P +ΣS · dP ) ∧ dy ∧ dt , (10)
β2 = (dΣS · Q+ΣS · dQ) ∧ dx ∧ dt , (11)
where ∧ stands for the exterior product of forms.
It is easy to verify the following.
Proposition 1 On every integral submanifold defined by (local) sections S =
S(x, y, t), P = Sx, Q = Sy, φ = φ(x, y, t), α = φx, µ = φy - for which
dx ∧ dy ∧ dt 6= 0, because of transversality of fibers -, the ideal (4)–(11) is
equivalent to Eqs. (1)–(2) with the constraint (3).
Now let us consider the (vector) bundle Z (fibered over the same basis as the
above) with local coordinates (x, y, t; ξm) and, defined on the fibered product
J1U ×X Z, the 2–forms:
Ωk = Hkdx ∧ dy + F kdy ∧ dt+Gkdx ∧ dt+
+(Akmdx+B
k
mdy + δ
k
mdt) ∧ dξ
m , (12)
1For convenience we made the following change of notation: x1 = x, x2 = y, x3 = t,
u1 = S, u1
1
= P , u1
2
= Q, u2 = φ, u2
1
= α, u2
2
= µ; furthermore, in the sequel, z = ξ.
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where ξ = {ξm}, k, m = 1, 2, . . . ,N (N at this stage is arbitrary), and Hk, F k
and Gk are, respectively, the pseudopotential and functions on J1U ×X Z to
be determined. Furthermore, the quantities Akm and B
k
m denote the elements
of two N × N constant regular matrices, δkm is the Kronecker symbol and the
summation convention over repeated indices is understood.
Definition 4 The forms Ωk are called the Ba¨cklund forms associated with Eqs.
(1)–(3). Let I be the prolonged ideal generated by the forms θi, γi, βl, i = 1, 2, 3,
l = 1, 2 and Ωk, k = 1, . . . , N . We say that I is closed if dΩk ∈ I (θi, γi, βl,Ω
k).
Remark 2 The reason for we call such prolongation forms ‘Ba¨cklund’ is that
Eq. (12) is in fact a specific form of the generalized ansatz introduced in [12],
which is assumed to be induced by an admissible Ba¨cklund transformation. The
induced Ba¨cklund-Cartan connection on (J1U ×X Z, J
1U, π1∗0 (η)) is here given
by
ωm = Γm1 dx+ Γ
m
2 dy + Γ
m
3 dt+ dξ
m , (13)
and the closed (matrix-valued) form θ of [12] is here given by θkm = A
k
mdx +
Bkmdy + δ
k
mdt. With this notation in mind then H
k = Γm1 B
k
m − Γ
m
2 A
k
m, F
k =
Γm2 δ
k
m − Γ
m
3 B
k
m, G
k = Γm1 δ
k
m − Γ
m
3 A
k
m. The closure condition for the ideal I
is an equivalent condition to Theorem 1, where K¯ is here to be determined
by solving the so-called Ba¨cklund problem. The Ba¨cklund map, and thus the
induced Cartan connection, are completely determined by the functions Hk, F k
and Gk and the matrices {Akm} and {B
k
m}.
The dependence of the functions Hk, F k, Gk on (S,Sx,Sy;φ, φx, φy ; ξ
m)
shall be determined by requiring the Ba¨cklund transformation defined by Eq.
(13) to be admissible for the Ishimori systems, i.e. the closure of the prolonged
ideal to be satisfied.
In the following [G,H ]k = GjHk
ξj
−HjGk
ξj
(Lie bracket), Hk
ξj
= ∂H
k
∂ξj
, Hku =
∂Hk
∂u
, and so on. Furthermore, we shall omit the indices k, m for simplicity. The
Lie brackets must be understood as commutators then.
Lemma 1 The closure condition for I yields:
H(S; ξ) =X(ξ) · S + Y (ξ) , (14)
F = −(X × S) · Sx + Fˆ (S; ; ξ) , (15)
G = ǫ2(X × S) · Sy + Gˆ(S; ξ) (16)
FˆS · Sx − GˆS · Sy + [X(ξ) · S + Y (ξ), ǫ
2(X × S) · Sy] +
+[X(ξ) · S + Y (ξ), G¯(S;φ, φy; ξ)] = 0 . (17)
Proof. The closure condition is equivalent to the following constraints:
Hφ = Hφx = Hφy = Gφx = Fφy = 0 , (18)
HSx = GSx = 0 , FSx = −(ΣHS)× S , (19)
HSy = FSy = 0 , GSy = ǫ
2(ΣHS)× S , (20)
Gφy − ǫ
2Fφx = 0 , (21)
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[H,G] +HS · (φySx + φxSy) + FS · Sx −GS · Sy +
+Fφ · φx −Gφ · φy − 2ǫ
2FφxΣS · (Sx × Sy) = 0 . (22)
Fξ −GξA−HξB = 0 , (23)
Fξ(B
−1)G−Gξ(B
−1)F = 0 , (24)
[A,B] = 0 . (25)
From equations (18) we get
H = H(S; ξ) , F = F (S,Sx;φ, φx; ξ) , G = G(S,Sy;φ, φy ; ξ) (26)
FSx = −ΣHS × S , GSy = ǫ
2ΣHS × S , Gφy = ǫ
2Fφx . (27)
From the last three equations above we further get
F = −(ΣHS × S) · Sx + F¯ (S;φ, φx; ξ) , (28)
G = ǫ2(ΣHS × S) · Sy + G¯(S;φ, φy; ξ) ; (29)
G¯φy = ǫ
2F¯φx ; (30)
The first two imply
HSiS = 0 , (31)
thus
H(S; ξ) =X(ξ) · S + Y (ξ) , (32)
where X = (X1, X2, X3).
Furthermore, we have F¯φx = 0, so that F¯ = F¯ (S;φ; ξ). Thus Eq. (22)
become
X · Sxφy +X · Syφx + F¯S · Sx − G¯S · Sy + F¯φφx − G¯φφy +
+[X · S + Y, ǫ2(X × S) · Sy + G¯(S;φ, φy ; ξ)] = 0 . (33)
From the equation above we further infer F¯φ = 0 and from Eqs. (28), G¯φy = 0,
which in turns implies that G¯φ = 0.
So we finally get the assertion. QED
In the following we provide the Ba¨cklund algebra k¯ associated with the com-
pact and non-compact Ishimori spin models.
Proposition 2 The following incomplete Lie algebra structure k¯ is associated
with Eqs. (1)–(2) and constraint (3):
[Y,X1] = [Y,X2] = [Y,X3] = 0 , (34)
[X1, [X1, X3]]− [X2, [X2, X3]] = 0 , (35)
k2[X1, [X1, X2]] + [X3, [X2, X3]] = 0 , (36)
k2[X2, [X1, X2]]− [X3, [X1, X3]] = 0 , (37)
[X1, [X2, X3]] + [X2, [X1, X3]] = 0 , (38)
[X2, [X1, X3]] + [X3, [X1, X2]] = 0 , (39)
k2[X2, [X1, X3]] + [Z, Y ] = 0 . (40)
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Proof. From the above Lemma we get
[H(S; ξ), Gˆ(S; ξ)] = 0 , (41)
FˆS = 0 , (42)
which implies Fˆ = K(ξ). Thus we finally have to work out the equation:
GˆS · Sy = ǫ
2[S · S + Y, (X × S) · Sy] . (43)
By using the constraint (3) we easily get
[Y,X1] = [Y,X2] = [Y,X3] = 0 , (44)
Gˆ = −S1[X2, X3] + S2[X1, X3]− k
2S3[X1, X2] + Z(ξ) . (45)
Finally, the Ba¨cklund algebra k¯ is obtained inserting the last result in Eq.
(41) and using Eqs. (28) and (32). QED
Remark 3 The compatibility relations (23), (24) and (25) have to be satisfied
by K(ξ). It is easy to realize then that commutation relations for K(ξ) also
hold true.
It is possible to provide suitable realizations (i.e. homomorphisms) of the
algebra k¯ with finite or infinite dimensional quotient Lie algebras.
Proposition 3 The Ba¨cklund algebra k¯ is homomorphic to the sl(2,C) algebra
[X1, X2] = 2iζκ
2X3, [X1, X3] = −2iζX2, [X2, X3] = 2iζX1 (46)
where ζ is a free parameter.
Proof. Let [X1, X2] = X4, [X1, X3] = X5, [X2, X3] = X6 and assume that
X1, X2, and X3 are independent and X4, X5, X6, Y , Z and K are a linear
combination of the former operators. In such a way one finds X4 = 2iζκ
2X3,
X5 = −2iζX2, X6 = 2iζX1, and Y = Z = K = 0. QED
Proposition 4 Assume Y = Z = K = 0. Then the Ba¨cklund algebra k¯ is
homomorphic to the infinite dimensional Lie algebra of the Kacˇ-Moody type:
[T
(m)
i , T
(n)
j ] = iǫ
k
ijT
(m+n)
k , (47)
ǫkij being the Ricci tensor.
Proof. In fact, let us suppose that the commutators [X2, X6], [X3, X5],
[X3, X6], [X4, X5], [X4, X6] and [X5, X6] are unknown. Hence, it is easy to see
that a realization of the incomplete Lie algebra k¯ is provided by
X1 = κT
(1)
1 , X2 = κT
(1)
2 , X3 = T
(1)
3 , (48)
X4 = iκ
2T
(2)
3 , X5 = −iκT
(2)
2 , X6 = iκT
(2)
1 , (49)
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where the vector fields T
(m)
i (i = 1, 2, 3;m ∈ Z) satisfy the commutation rela-
tions (47).
QED
Remark 4 It is easy to see that, in accordance with Theorem 1, the connection
forms (13) are k¯-invariant; in fact we have Γmi = ω
l
iX
m
l , with i = 1, 2, 3 and
l = 1, . . . ,M ; M equals dimk or the dimension of the quotient Lie algebra taken
under consideration and ωli are admissible Cartan connection forms [13].
3.1 Conclusions
We associated an infinite-dimensional Ba¨cklund loop Lie algebra structure of
the Kacˇ–Moody type with the Ishimori (2 + 1)-dimensional spin model in both
the compact [16] and the noncompact versions [17]. As a matter of principle, it
would be interesting to work out homomorphisms of k¯ with quotient Lie algebras
also in the case when Y 6= 0, Z 6= 0,K 6= 0. This subject is currently under
investigation.
Notice that, generalizing to the (2 + 1)–dimensional case the “inverse” pro-
cedure (see e.g. [9, 10, 12]), by suitable nonlinear representations of the quo-
tient Kacˇ–Moody algebra (47) in terms of pseudopotentials, one could obtain
a whole family of (2+1)-dimensional nonlinear spin field equations containing
the original Ishimori spin models (see e.g. [9] for similar results concerning the
(1 + 1)–dimensional Heisenberg spin model). This turns out to be interesting
within the study of ‘hidden’ symmetries of nonlinear σ-models. Details will be
the subject of a separate paper. Here we just stress that such a family should
not be confused a priori with the well known hierarchy associated via the Lax
pair; in fact, as it is well known, the latter comes from a linear representation
of quotient Lie algebras.
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